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THE STABLE SYMPLECTIC CATEGORY AND A CONJECTURE OF KONTSEVICH
NITU KITCHLOO AND JACK MORAVA
ABSTRACT. We consider an oriented version of the stable symplectic category defined in [17]. We
show that the group of monoidal automorphisms of this category, that fix each object, contains a natu-
ral subgroup isomorphic to the solvable quotient (or a graded-abelian quotient) of the Grothendieck–
Teichmu¨ller group. This establishes a stable version of a conjecture of Kontsevich which states that
groups closely related to the Grothendieck–Teichmu¨ller group act on the moduli space of certain field
theories [19]. The above quotient is also shown to be the motivic group of monoidal automorphisms
of a canonical representation (or fiber functor) on the stable symplectic category.
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1. INTRODUCTION
In his solution to the existence of deformation quantization of a Poisson manifold (M,ω), Kontse-
vich showed in [18] that there exists a quasi-equivalence of L∞-algebras:
dQ : Γ(M,Λ∗(M)) [[~]] −→ Hoch∗(O(M)) [[~]], ~ω ↔ [O~(M)],
where the left hand side is the DGLA of poly-vector fields (with d = 0) that controls Poisson
structures on M , and the right hand side is the DGLA of poly-differential operators on M that
controls the associative deformations of the functions O(M) on M . Hence, up to equivalence,
the Poisson structure ω yields a unique associative deformation O~(M). However, the map dQ is
not unique. The set of all such equivalences is a torsor under the action of a certain pro-solvable,
pro-algebraic group GTQ over Q, known as the Grothendieck-Teichmu¨ller group (see §4). This
group is a pro-solvable, pro-algebraic group with a Lie algebra given by the extension of a free Lie
algebra on generators: z3, z5, . . ., by a grading generator z0:
LieGTQ = Q〈z0〉⋉ 〈z3, z5, . . . , z2k+1, . . .〉, [z0, z2k+1] = (2k + 1)z2k+1.
The above result suggests that if (M,ω) is the space of classical solutions of a given classical
field theory, then the group GTQ acts on the collection of all possible rings of quantum observ-
ables: O~(M). Based on this observation, and explicit computations of certain Feynman path
integrals, Kontsevich conjectured [19] (Section 5) that groups closely related to the Grothendieck-
Teichm¨uller group act on the Moduli space of Quantum Field theories.
Date: October 30, 2018.
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We will approach Kontsevich’s conjecture from the standpoint of geometric quantization. As op-
posed to deformation quantization, themethod of geometric quantization is an attempt to describe
a quantum field theory directly and functorially with respect to the space of classical solutions.
Functoriality above is to be understood as asking for the existence of a geometric quantization
functor with values in the category of topological vector spaces:
gQ : S −→ Top. V.S,
where S is a suitable category of correspondences between symplectic manifolds known as Wein-
stein’s Symplectic Category [23, 24]. In particular, gQ applied to the Poisson manifold of classical
solutions (M,ω) in S should recover the quantum state space of the field theory in question.
Notice that if we could construct an action of GTQ on S that fixes each object, we would obtain an
action of the Grothendieck-Teichm¨uller group (by pre-composition) on the set of field theories as
suggested by the conjecture of Kontsevich above. It is our goal to make this a factual statement.
However, in order to achieve that goal, we will need to first stabilize S . As we shall see in a
moment, there are problems with the definition of S as stated.
In [17] the first author defined a stabilization hS of the symplectic category S introduced by A.
Weinstein in the 1980’s [23, 24]. The objects of Weinstein’s category are symplectic manifolds, and
the morphisms between two symplectic manifolds (M,ω) and (N, η) are lagrangian immersions
intoM ×N , where the conjugate symplectic manifoldM is defined by the pair (M,−ω). The com-
position L1 ∗L2 of two lagrangian immersions L1 #M ×N and L2 # N ×K , is defined to be the
fiber product: L1×N L2 −→M×K . This definition does not always yield a lagrangian immersion
to M × K : to do so, the pullback defining it must be transverse, so Weinstein’s construction is
unfortunately not a genuine category.
In [17], we described a way to extend the symplectic category to an honest category hS, by intro-
ducing a moduli space of stabilized (in the sense of homotopy theory) lagrangian immersions in
a symplectic manifold of the form M × N 1. This moduli space can be described as the infinite
loop space corresponding to a certain Thom spectrum. Taking this as the space of morphisms
defines a stable symplectic (homotopy) category hS that is naturally enriched over the homotopy cat-
egory of spectra (under smash product) 2. Composition in hS is well-defined and remains faithful
to Weinstein’s original definition. Geometrically, the stabilization of Weinstein’s category can be
seen as “inverting the symplectic manifold C”, analogous to the introduction of an inverse to the
projective line in the theory of motives. In other words, we introduce a relation on the symplec-
tic category that identifies two symplectic manifolds M and N if M × Ck becomes equivalent to
N × Ck for some k. Note that the ring of observables corresponding to C is the (simple) algebra
known as the Heisenberg algebra corresponding to a single free Boson. So in a suitable sense the
stable symplectic category can be seen as the symplectic analog of the “derived rings of observ-
ables” studied by G. Segal in [15]. The stable symplectic category also has variants defined by
lagrangian immersions endowed with orientations or metaplectic structures (see [17])
Here we study the group of monoidal automorphisms of the oriented stable symplectic homo-
topy category: hsS. In other words, by extending coefficients to commutative algebras E over sΩ,
we consider a family of categories hsS ∧sΩ E. Consequently, we have the family of groups that
represent monoidal automorphisms of the categories hsS ∧sΩ E that fix each object. We describe
this group (see corollary 3.7 and theorem 3.11), and relate it in characteristic zero to an abelian
quotient of the Gothendieck–Teichmu¨ller group [19]. This establishes a stable version of a con-
jecture of Kontsevich which states that the Grothendieck–Teichmu¨ller group acts on the moduli
space of certain field theories (see [19], section 5). The above abelian quotient is also shown to be
1under the assumption of monotonicity. Otherwise, one has the space of totally real immersions.
2In [17], we lifted this category to an A∞-category S enriched over spectra.
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the motivic group of monoidal automorphisms of a canonical representation (or fiber functor) on
a truncation of the oriented stable symplectic category. The value of this functor on an objectM is
the sΩ-module sΩ(M) representing the space of stably immersed oriented lagrangians inM .
This document is organized as follows: In section 2 we recall the construction of the stable sym-
plectic homotopy category. In section 3 we study the group of monoidal automorphisms of the
oriented stable symplectic homotopy category over the rational numbers which fix each object. We
identify this group with a graded abelian quotient of the Grothendieck–Teichmm¨uller group and
reinterpret it as validation of a stable conjecture of Kontsevich on the action of the Grothendieck-
Teichm¨uller group on the moduli space of field theories. In this section we also identify the above
quotient as the motivic group of monoidal automorphisms of the fiber functor described above.
Section 3 also contains a description of an integral model for the group of monoidal automor-
phisms of the oriented stable symplectic homotopy category. The Appendix summarizes some
properties of the Grothendieck-Teichmu¨ller group and related constructions. In particular, we de-
fine a Hopf-Galois analog of the Grothendieck-Teichmu¨ller group in the category of spectra, and
identify its abelianization with the group of symmetries identified in Section 3.
Before we begin, we would like to thank M. Abouzaid, V. Angelveit, A. Baker, Y. Eliashberg, D.
Gepner, M. Hazewinkel, J. Lind, B. Richter and H. L. Tanaka for helpful conversations related to
this project.
2. THE STABLE SYMPLECTIC HOMOTOPY CATEGORY
In this section we recall the construction of the stable symplectic homotopy category [17]. Given
a symplectic manifold (M,ω) of real dimension 2m, we construct a spectrum Ω(M) so that the
corresponding infinite loop space can be interpreted as a space whose points represent manifolds
that admit totally-real immersions into M × Cn for large values of n (up to an equivalence that
shall be made precise later). We will say that M satisfies monotonicity if the cohomology class
of the symplectic form ω is a scalar multiple of the first Chern class ofM . Under the assumption
of monotonicity, totally real immersions may be replaced by lagrangian immersions in the above
interpretation of Ω(M).
§2.1 The basic construction
Consider the Thom spectrum ΣnG(τ ⊕ Cn)−ζn , where the bundle ζn is defined by virtue of the
pullback diagram:
G(τ ⊕ Cn)

ζn
// BO(m+ n)

M
τ⊕Cn
// BU(m+ n),
where τ denotes (homotopy unique) complex structure on the tangent bundle of M compatible
with the symplectic form ω. In [17], we used the work of D. Ayala [3] to show that for n > 0,
the infinite loop space Ω∞−n(G(τ ⊕ Cn)−ζn) can be interpreted as the moduli space of manifolds
Lm+n ⊂ R∞ × Rn, with a proper projection onto Rn, and endowed with a totally-real immersion
Lm+k # M × Cn (or lagrangian immersion, under the assumption of monotonicity). More pre-
cisely, the space Ω∞−n(G(τ ⊕ Cn)−ζn) is uniquely defined by the property that given a smooth
manifold X, the set of homotopy classes of maps [X,Ω∞−n(G(τ ⊕ Cn)−ζn)], is in bijection with
concordance classes of smooth manifolds E ⊂ X ×R∞×Rn overX, so that the first factor projec-
tion: pi : E −→ X is a submersion, and which are endowed with a smooth map ϕ : E −→M ×Cn
which restricts to a totally-real immersion (resp. lagrangian) on each fiber of pi. As before, we
demand that the third factor projection E −→ Rn be fiberwise proper overX.
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Now the standard inclusion Rn1 ⊆ Rn2 , induces a natural map:
ϕn1,n2 : Σ
n1G(τ ⊕ Cn1)−ζn1 −→ Σn2G(τ ⊕ Cn2)−ζn2 ,
which represents the map that sends a concordance class E, to E × Rn2−n1 , by simply taking the
product with the orthogonal complement of Rn1 in Rn2 .
Definition 2.1. Define the Thom spectrum Ω(M) representing the infinite loop space of stabilized totally-
real (resp. lagrangian under the assumption of monotonicity) immersions inM to be the colimit:
Ω(M) = G(M)−ζ := colimn Σ
nG(τ ⊕ Cn)−ζn .
Notice that by definition, we have a canonical homotopy equivalence: Ω(M × C) ≃ Σ−1Ω(M). TakingM
to be a point, we define Ω = Ω(∗) = (U/O)−ζ , where the bundle ζ over U/O is the virtual zero dimensional
bundle over (U/O) defined by the canonical inclusion U/O −→ BO.
Henceforth, we shall use the term “lagrangian immersion” to mean “totally-real immersion” if the
condition of monotonicity fails to hold. We take this opportunity to also introduce the (abusive)
convention of not decorating the stable vector bundle ζ by the underlyingmanifoldM . Hopefully,
the manifoldM will be clear from context.
We may also describe Ω(M) as a Thom spectrum: Let the stable tangent bundle of M of virtual
(complex) dimensionm be given by a map τ :M −→ Z× BU. As the notation suggests, let G(M)
be defined as the pullback:
G(M)

ζ
// Z× BO

M
τ
// Z× BU .
Then the spectrum Ω(M) is homotopy equivalent to the Thom spectrum of the stable vector bun-
dle −ζ over G(M) defined in the diagram above.
Notice that the fibration Z×BO −→ Z×BU is a principal bundle up to homotopy, with fiber being
the infinite loop space U/O. Hence, the spectrum Ω(M) is homotopy equivalent to a Ω-module
spectrum. Now, observe that we have the equivalence, up to homotopy, of U/O-spaces:
G(M)×U/O G(N) ≃ G(M ×N).
This translates to a canonical homotopy equivalence:
µ : Ω(M) ∧Ω Ω(N) ≃ Ω(M ×N).
Let us now describe the stable symplectic homotopy category hS. The objects of this category
will be symplectic manifolds (M,ω) (see remark 2.3), endowedwith a compatible almost complex
structure.
Definition 2.2. The spectrum Ω(M,N) of morphisms in hS fromM to N is the Ω-module spectrum:
Ω(M,N) := Ω(M ×N).
Remark 2.3. Notice that objects in hS need not be compact. The price we pay for this, familiar from other
contexts, is that we simply lose the identity morphisms for non-compact objects.
The next step is to define composition. The simplest case
Ω(M, ∗) ∧Ω Ω(∗, N) −→ Ω(M,N),
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is the map µ constructed earlier. For the general case, consider k + 1 objects objects Mi with
0 ≤ i ≤ k, and let the space G(∆) be defined by the pullback:
G(∆)
ξ

// G(M 0 ×M1 × · · · ×Mk−1 ×Mk)

M 0 × (M1 × · · · ×Mk−1)×Mk
∆
// M0 × (M1 ×M1)× · · · × (Mk−1 ×Mk−1)×Mk
where∆ denotes the product to the diagonals∆ :Mi −→Mi ×M i, for 0 < i < k.
Now notice that the fibrations defining the pullback above are direct limits of smooth fibrations
with compact fiber. Furthermore, themap∆ is a propermap for any choice of k+1-objects (even if
they are non-compact). In particular, we may construct the Pontrjagin–Thom collapse map along
the top horizontal map by defining it as a direct limit of Pontrjagin–Thom collapses for each stage.
Let ζi denote the individual structure maps G(M i−1 ×Mi) −→ Z × BO, and let η(∆) denote the
normal bundle of∆. Performing the Pontrjagin–Thom construction along the top horizontal map
in the above diagram yields a morphism of spectra:
ϕ : Ω(M0,M1) ∧Ω · · · ∧Ω Ω(Mk−1,Mk) ≃ Ω(M0 ×M1 × · · · ×Mk−1 ×Mk) −→ G(∆)
−λ
where λ : G(∆) −→ Z × BO is the formal difference of the bundle
⊕
ζi and the pullback bundle
ξ∗η(∆).
The next step in defining composition is to show that G(∆)−λ is canonically homotopy equivalent
toΩ(M0,Mk)∧(M1×· · ·×Mk−1)+, where (M1×· · ·×Mk−1)+ denotes themanifoldM1×· · ·×Mk−1
with a disjoint basepoint. To achieve this, it is sufficient to construct a U/O-equivariant map over
M0 × (M1 × · · · ×Mk−1)×Mk:
ψ : G(M 0 ×Mk)× (M1 × · · · ×Mk−1) −→ G(∆),
that pulls λ back to the bundle ζ × 0. The construction of ψ is straightforward. We define:
ψ(λ,m1, . . . ,mk−1) = λ⊕∆(Tm1(M1))⊕ · · · ⊕∆(Tmk−1(Mk−1)),
where ∆(Tm(M)) ⊂ T(m,m)(M × M) denotes the diagonal lagrangian subspace. Now let pi :
G(∆)−λ −→ Ω(M0,Mk) be the projection map that collapsesM1 × · · · ×Mk−1 to a point.
Definition 2.4. We define the composition map to be the induced composite:
piϕ : Ω(M0,M1) ∧Ω · · · ∧Ω Ω(Mk−1,Mk) −→ G(∆)
−λ −→ Ω(M0,Mk).
We leave it to the reader to check that composition as defined above is homotopy associative.
§2.2 The identity morphism:
We now show that a compact manifold (M,ω) has an identity morphism:
Proposition 2.5. Let M be a compact manifold, and let [id] : S −→ Ω(M,M) be a representative of
homotopy class of the diagonal (lagrangian) embedding ∆ : M −→ M × M . Then [id] is indeed the
identity for the composition defined above.
Proof. Given two manifolds M,N , let ∆(M) ⊂ M × M be a diagonal representative of [id] as
above. Observe thatN ×∆(M)×M is transverse toN ×M ×∆(M) insideN ×M ×M ×M . They
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intersect along N ×∆3(M), where ∆3(M) ⊂ M ×M ×M is the triple (thin) diagonal. Hence we
get a diagram
Ω(N,M) ∧ S
))❙
❙
❙
❙
❙
❙
❙
❙
❙
❙
❙
❙
❙
❙
// Ω(N,M) ∧∆(M)−τ
∆−τ
//

Ω(N,M) ∧Ω Ω(M,M)

Ω(N,M)
=
// Ω(N,M)
commutative up to homotopy, where the right vertical map is composition, and the left vertical
map is the Pontrjagin–Thom collapse over the inclusion map
N ×M = N ×∆3(M) −→ N ×M ×∆(M).
Now consider the following factorization of the identity map:
N ×M = N ×∆3(M) −→ N ×M ×∆(M) −→ N ×M
where the last map is the projection onto the first two factors. Performing the Pontrjagin–Thom
collapse over this composite shows that
Ω(N,M) ∧ S −→ Ω(N,M) ∧∆(M)−τ −→ Ω(N,M).
is the identity. It follows that right multiplication by [id] : S→ Ω(M,M) induces the identity map
on Ω(N,M), up to homotopy. A similar argument works for left multiplication. 
Remark 2.6. Recall that given arbitrary symplectic manifoldsM and N , the composition map:
Ω(M, ∗) ∧Ω Ω(∗, N) ≃ Ω(M,N)
induces a natural decomposition of Ω(M,N). In particular, arbitrary compositions can be canonically
factored using this decomposition, and can be computed by applying the “inner product”
Ω(∗, N) ∧Ω Ω(N, ∗) −→ Ω.
to the factors. WhenM is compact, this pairing defines an equivalence
Ω(M) −→ HomΩ(Ω(M),Ω).
It will also be important below that hS is a symmetric-monoidal category, with a product given by
the cartesian product of symplectic manifolds.
Definition 2.7. The construction of the oriented stable symplectic homotopy category sS is completely
analogous, but with O replaced by SO; the commutative ring spectrum sΩ = (U/SO)−ζ defines its coeffi-
cients.
Now Ω is an (Eilenberg–MacLane) H(Z/2)-algebra, so we can regard S as a category with mor-
phism objects enriched over a classical differential graded algebra. This is not the case for sΩ, but
its rationalization sΩ⊗Q is again a generalized Eilenberg–MacLane spectrum, with
sΩ∗ ⊗Q = ΛQ[y4i+1, i > 0]
an exterior algebra on certain odd - degree generators. Moreover, the category sS simplifies con-
siderably when rationalized. In particular, the Thom isomorphism
sΩ(M)∗ ⊗Q ∼= H∗(M,sΩ∗ ⊗Q)
identifies sS ⊗ Q with an (Arnol’d-Ho¨rmander-Maslov. . . ) category of symplectic manifolds,
whose morphisms are classical cohomological correspondences with compact support, but with
coefficients in the graded ring sΩ∗ ⊗Q ∼= H∗(U/SO+,Q).
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3. A STABLE VERSION OF KONTSEVICH’S CONJECTURE
As mentioned in the introduction, based on explicit computations, Kontsevich conjectures in [19]
(section 5) that the motivic Galois group acts on the “moduli space” of free field theories, and that
in even dimensions, this action factors through the Grothendieck–Teichmu¨ller group. Kontsevich
was led to this conjecture by his work on the question of uniqueness of the deformation quan-
tization functor. However, we plan to approach his conjecture from the standpoint of geometric
quantization. Note that the moduli space of field theories is not a well defined object and so the
above conjecture can only be formulated once we have an appropriate definition in place.
Now an (n+ 1)-dimensional classical field theories that occur in physics is typically described by
an action functional. The (conjectural) framework of quantization proceeds as follows: By taking
solutions of the Euler-Lagrange equations about the germ of an n-manifold, one obtains a functor
from the (n + 1)-dimensional cobordism category to a variant of the symplectic category. 3 Then
the corresponding quantum field theory is constructed as the composite of the above functor with
the geometric quantization functor, the latter having the symplectic category as its domain and
taking values in the category of topological vector spaces. An automorphism of the symplectic
category that fixes every object would therefore induce a deformation of any such field theory.
In this section, we will provide a rigorous framework for Kontsevich’s conjecture: we will com-
pute a canonical subgroup of the group of monoidal automorphisms of the oriented stable sym-
plectic (homotopy) category, and show that it is indeed an abelian quotient of the Grothendieck–
Teichmu¨ller group, thereby showing that a stable version of Kontsevich’s conjecture is indeed
true.
§3.1 Monoidal automorphisms of the stable symplectic category:
We begin this section by defining the group of monoidal automorphisms of the stable symplectic
homotopy category. Recall that this category hS is enriched over the category of Ω-module spec-
tra. Given a commutative Ω-algebra E, let hS ∧Ω E denote the category enriched over E-modules
constructed by extending coefficients.
Definition 3.1. Define the group of automorphisms of the stable symplectic category as a derived group
GΩ, whose E-points: GΩ(E), for any commutative Ω-algebra E, are defined as the group of monoidal
automorphisms of the category hS∧ΩE that fix each object. We similarly define the group GsΩ as the group
of automorphisms of the oriented stable symplectic homotopy category.
Our first order of business will be to consider certain endomorphisms of hsS∧sΩ E that will even-
tually turn out to be the elements in the Lie algebra of GsΩ(E). We begin with some preliminary
constructions that don’t require orientability:
Given a symplectic manifold M , recall that Ω(M) was a defined as a Thom spectrum: G(M)−ζ .
Here pi : G(M) −→ M was a principal U/O-bundle, supporting a stable real vector bundle ζ :
G(M) −→ BO of virtual dimensionm. The bundle pi is classified by the map:
τ(Ω,M) :M −→ B(U/O) .
Theorem 3.2. Given an object of hS represented by a symplectic manifold (M,ω), then τ(M,Ω) factors
through the map τ(M) :M −→ BU that classfies the tangent bundle ofM , followed by the projection map
BU −→ B(U/O). Furthermore, the restriction of τ(Ω,M ×M) along the diagonal: ∆ : M −→ M ×M
is trivial.
3the infinite dimensional nature of symmetries force us to also consider infinite dimensional symplectic manifolds
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Proof. Notice that the bundle pi : G(M) −→ M was induced from the frame bundle of M , with
structure group U, along the left action of U on U/O, so we can lift the map τ(Ω,M), to BU, to
get the factorization through τ(M). This proves the first part of the claim. Now notice that the
restriction of the tangent bundle ofM ×M along the diagonal ∆ is canonically isomorphic to the
complexification of the tangent bundle ofM . This may be restated as saying that one has a unique
lift τ(∆) that makes the following commute:
M
∆

τ(∆)
// BO

M ×M
τ
// BU .
It follows that τ(Ω,M ×M) is trivial when restricted along ∆. 
Remark 3.3. The projection map BU −→ B(U/O) is injective in cohomology away from two. It is easy to
see that its image is generated by classes d2i+1 in degree 4i+2, whose generating function can be expressed
in terms of the Chern classes as:
∑
i
di =
∑
i(−1)
ici∑
i ci
≡ 1−
∑
i
2c2i+1 + decomposables.
Similarly, if one considers the inclusion BO −→ BU, then this map is injective in homology away from
two. If we let
∑
i bi denote the homogeneous generators in the image of H∗(CP
∞) ⊂ H∗(BU), then the
image of H∗(BO) is the sub (polynomial) algebra generated by classes ai (away from two), given by:∑
i
ai = (
∑
i
bi)(
∑
i
(−1)ibi) ≡ 1 +
∑
i>0
2b2i + decomposables.
Definition 3.4. Henceforth, we work in the oriented category hsS, and we assume that pi∗ E is a Q-vector
space. Define PE(B(U/SO)) to be the graded E
∗-submodule of E˜
∗
(B(U/SO)) consisting of primitive
elements in the (commutative) Hopf algebra E∗(B(U/SO)).
Theorem 3.5. PE(B(U/SO)) induces primitive graded endomorphisms of the category hsS∧sΩ E that fix
each object. In other words, there is a natural map of graded E∗-modules:
P(E) : PE(B(U/SO)) −→ End(hsS ∧sΩ E).
Furthermore, the image of P(E) is contained in the subgroup of primitive functors, defined as functors ϕ
that fix each object, and are additive with respect to the monoidal structure on the morphisms:
ϕ(X ∧E Y ) = ϕ(X) ∧E Y +X ∧E ϕ(Y ),
for all morphisms X and Y .
Proof. Fix objects (M,ω) and (N, η) of hsS. Given an element α ∈ PE(B(U/SO)), we define the
action of P(E)(α) on sΩ(M,N)∧sΩE = sΩ(M ×N)∧sΩE := sΩ(M ×N)E as the cap product with
α, described as the composite map:
α∗ : sΩ(M ×N)E −→ sΩ(M ×M)E ∧ (M ×N)+ −→ sΩ(M ×N)E ∧B(U/SO)+ −→ sΩ(M ×N)E,
where the first map is induced by the Thom diagonal map:
sG(M ×N)−ζ −→ sG(M ×N)−ζ ∧ (M ×N)+.
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The second map is induced by τ(sΩ,M ×N), and the third map above is given by capping with
the class α. Now recall that sG(M ×N) is equivalent to the external product bundle sG(M)×U/SO
sG(N). In particular, the element τ(sΩ,M ×N) decomposes as the composite:
M ×N −→ B(U/SO)×B(U/SO) −→ B(U/SO) .
Since α is a primitive class, the pullback of α along τ(sΩ,M ×N) is given by α∗∧1 + 1∧α∗ under
the decomposition sΩ(M × N)E = sΩ(M)E ∧E sΩ(N)E. This argument shows that the elements
α∗ are primitive with respect to the monoidal structure.
Next we will show that the construction α 7→ α∗ is functorial. This will yield a map of E
∗-modules
that we seek:
P(E) : PE(B(U/SO)) −→ End(hsS ∧sΩ E).
To show functoriality, we need to show that the diagram:
sΩ(L,M)E ∧E sΩ(M,N)E

α∗∧α∗
// sΩ(L,M)E ∧E sΩ(M,N)E

sΩ(L,N)E
α∗
// sΩ(L,N)E,
commutes; where the vertical maps are induced by composition in shS, and the top horizontal
map: α∗ ∧ α∗ : sΩ(L,M)E ∧E sΩ(M,N)E −→ sΩ(L,M)E ∧E sΩ(M,N)E denotes the external
smash product of the two maps α(L×M)∗ and α(M ×N)∗, where we write α(X)∗ to indicate that
it is an operator on sΩ(X)E.
By the primitivity of α∗, we write α(X×Y )∗ as the sum α(X)∗∧1 + 1∧α(Y )∗. This decomposition
allows us to reduce the general case to the special case when L and N are a point. In other words,
we would like to show that the following special case of the above diagram commutes:
sΩ(∗,M)E ∧E sΩ(M, ∗)E

α∗∧α∗
// sΩ(∗,M)E ∧E sΩ(M, ∗)E

E
0
// E .
To show this, recall that the composition sΩ(∗,M)E ∧E sΩ(M, ∗)E −→ E is obtained by restricting
along the diagonal ∆ : M −→ M ×M . By claim 3.2, we see that the restriction of τ(sΩ,M ×M)
along ∆ is trivial. It follows that the α∗ ∧ α∗ followed by composition is trivial. 
§3.2 The structure of primitives:
Let PE(BU) ⊂ E˜
∗
(BU) denote the submodule of primitives. For complex oriented theories it is
a standard fact that this is a free (completed) E∗-module generated by the Newton polynomials
Nk(c1, . . . , ck), in the Chern classes. These Newton polynomials Ni(σ1, · · · , σi) are defined by
writing the power symmetric functions xi1 + x
i
2 + · · · + x
i
i in terms of the elementary symmetric
functions σ1, σ2, · · · , σi.
Rationally, the classes Nk can be expressed in terms of the Chern classes ck, or the classes dk of
remark 3.3, by comparing the homogeneous terms in the formal graded equalities (see [20] Ch.1):
∑
k≥0
ck =
∏
i≥0
exp
(−1)iNi+1
i+ 1
,
∑
k≥0
dk =
∏
i≥0
exp
−2N2i+1
2i+ 1
.
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Up to a scaling factor of k!, Nk(c1, . . . , ck) is the homogeneous degree 2k term in the Chern char-
acter chk for the universal virtual vector bundle over BU. Notice that any theory E such that E∗ is
a Q-vector space, is complex orientable.
Theorem 3.6. Assume that E∗ is a Q-vector space. Fix a complex orientation on E (see remark 3.8 below).
Then, in cohomology, the map induced by the projection:
PE(B(U/SO)) −→ PE(BU)
is injective onto the free (completed) E∗-module generated by the primitives N2k+1(c1, . . . , c2k+1) in degree
4k + 2, with k ≥ 0. In particular, the image of P(E) is generated by operators acting on sΩ(M) via
multiplication with the classes ch2k+1(τ) (compare with [19] Theorem 9).
Proof. Since E∗ is a Q-vector space, we may assume E is a generalized Eilenberg–MacLane spec-
trum. Notice that the projection map BU −→ B(U/SO) is a map of H-spaces, and in homology,
it maps the indecomposable elements in degrees 4k+2 isomorphically onto the indecomposables
in the Hopf-algebra E∗(B(U/SO)) (see remark 3.3). Dually, it follows that PE(B(U/SO))maps iso-
morphically to the completed subspace generated by primitives in degree 4k + 2 in PE(BU). By
the above discussion, this is the completed subspace generated by the odd Newton polynomials
in the Chern classes. 
Corollary 3.7. Working in characteristic zero, let G(E) denote the (pro) abelian group generated by the
formal exponentials of the form Exp(t ch2k+1(τ)), with t being any homogeneous element of degree 4k + 2
in the Q-vector space E∗, where k ≥ 0. Then G(E) acts by degree-preserving monoidal automorphisms
on the category shS ∧sΩ E that fix each object. In particular, G(E) is a subgroup of the Galois group of
automorphisms GsΩ(E). Presently, we will describe a canonical integral form for this group.
Remark 3.8. The reader may wish to verify that the completed subspace generated by the odd Newton
polynomials in the Chern classes is independent of the choice of complex orientation. In particular, the same
holds for the group G(E). The reader may also verify that the action of G(E) restricts to the identity on the
subgroup: pi0(sΩ(M,N)) ⊂ pi∗(sΩ(M,N) ∧sΩ E).
Remark 3.9. Given a Calabi-Yau manifoldM , homological mirror symmetry gives rise to an action of the
Grothendieck–Teichmu¨ller group on H∗(M,C) under the identification of H∗(M,C) with the cohomology
of poly-vector fields on M (see [19], Theorem 9). Remarkably, this action is exactly the same as that of
G(H(C)) on sΩ(M)H(C), once we use the Thom isomorphism to identify sΩ(M)H(C) with H
∗(M,C). It
would be very interesting to give a geometric description of this identification. Also see remark 4.1.
§3.3 An integral candidate for the (abelianized) Grothendieck–Teichmu¨ller group:
In theorems 3.5 and 3.6 we described the Lie algebra of the group G(E) as being the primitives
in E˜
∗
(B(U/SO)). This implies that the cotangent space of G(E) at the identity element should be
interpreted as the vector space dual to these primitives. This dual space can be canonically iden-
tified with a subspace of the indecomposables: Q(E∗(B(U/SO))) = I/I
2, where I is the augmenta-
tion ideal in E∗(B(U/SO)). This suggests that one must think of the commutative ring spectrum
sΩ ∧ B(U/SO)+ as “functions on a derived avatar” of the abelianized Grothendieck–Teichmuller
group.
The spectrum sΩ ∧ B(U/SO)+ can be constructed functorially from sΩ: Indeed, we know by [5]
(Prop. 7.3), that sΩ ∧ B(U/SO)+ is equivalent to THH(sΩ) as commutative algebras. Notice in
fact, that sΩ ∧ B(U/SO)+ is a commutative Hopf-algebra spectrum in the category of sΩ-module
spectra [2]. The above discussion leads naturally to the:
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Definition 3.10. Define a derived group scheme G = Spec THH(sΩ), whose E-points for an arbitrary
commutative sΩ-algebra E is defined to be the group of homotopy classes of sΩ-algebra maps fromTHH(sΩ)
to E:
G(E) = AlgsΩ(THH(sΩ),E) = AlgS(B(U/SO)+,E).
Theorem 3.11. Given a commutative sΩ-algebra E, the group G(E) acts by degree preserving monoidal
automorphisms on the category hsS ∧sΩ E that fix each object.
Proof. The proof of this theorem is similar to the proof of theorem 3.5. As before, given β ∈ G(E),
we get an automorphism of sΩ(M ×N)E given by the cap product with β:
β∗ : sΩ(M ×N)E −→ sΩ(M ×N)E ∧ (M ×N)+ −→ sΩ(M ×N)E ∧B(U/SO)+ −→ sΩ(M ×N)E.
Since β is a map of algebras, we see that β∗ preserves the monoidal structure. So the only thing
left to check is that β∗ is functorial. As in the proof of theorem 3.5, we may reduce this question to
showing that the following diagram commutes:
sΩ(∗,M)E ∧E sΩ(M, ∗)E

β∗∧β∗
// sΩ(∗,M)E ∧E sΩ(M, ∗)E

E
=
// E .
Again, as in the proof of 3.5, this requires showing that the restriction of τ(sΩ,M ×M) along ∆
below, factors through the unit of E:
M+ −→M+ ∧M+ −→ B(U/SO)+ −→ E .
But this follows from theorem 3.2, and the fact that β is a ring map. 
§3.4 The (abelianized) Grothendieck–Teichmu¨ller group as a Motivic group:
Given a symplectic manifold (M,ω) recall that the morphism spectrum Ω(∗,M) in hS can be iden-
tified with the Ω-module spectrum Ω(M). Let pi0(S) denote the truncation of S, so that the objects
of pi0(S) are the same as those of hS, and morphisms given by pi0(Ω(M,N)). Given a commutative
Ω-algebra E, right composition in hS gives rise to a functor FE with values in E-module spectra:
FE : pi0(S) −→ ES, FE(M) = Ω(M)E := Ω(M) ∧Ω E,
where ES denotes the homotopy category of E-module spectra. Recall that the category hS is
a symmetric-monoidal category, with the monoidal structure given by the cartesian product of
symplectic manifolds. Since Ω(M×N) is equivalent toΩ(M)∧ΩΩ(N), the functorFE is monoidal.
Constructions analogous to the ones described above can be made in oriented stable symplectic
homotopy category: hsS. Furthermore, these constructions remain nontrivial when tensored with
Q. Henceforth, we will work over Q. Now, given a commutative sΩ-algebra E, and an element
β ∈ G(E) as defined in corollary 3.7, recall that we have an E-module automorphism:
β∗(M) : sΩ(M)E −→ sΩ(M)E.
Furthermore, β∗ is monoidal, i.e. β∗(M × N) = β∗(M) ∧ β∗(N) under the monoidal structure of
hsS. In addition, from remark 3.8, we know that composition induces a map:
FE : pi0(sΩ(M,N)) −→ [sΩ(M)E, sΩ(N)E],
lands inside operators that commute with β∗. In other words, we see that β∗ is a natural auto-
morphism of the functor FE. In particular, we see that the abelianized Grothendieck–Teichmu¨ller
groupscheme is a natural sub groupscheme of the motivic groupscheme of monoidal automor-
phisms of the functor E 7−→ FE.
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Remark 3.12. Recall that the map:
FE : pi0(sΩ(M,N)) −→ [sΩ(M)E, sΩ(N)E]
is an equivalence ifM is a compact manifold. In particular, FE is a rigid monoidal functor on the subcate-
gory of pi0(S) generated by compact symplectic manifolds (M,ω).
Remark 3.13. Consider the map BU −→ THH(sΩ) induced by the inclusion of the unit S −→ sΩ:
BU −→ B(U/SO)+ −→ sΩ ∧ B(U/SO)+ = THH(sΩ).
This map may be shown to factor through BU −→ K(sΩ) lifting the Dennis trace map. This suggests a close
relation between the Waldhausen K-theory of sΩ and the pro-abelian group scheme G. This is strikingly
reminiscent of Kato’s higher classfield theory [16][Theorem 2.1], which relates the algebraic K-theory of
higher local fields to the Galois groups of their abelian extensions.
§3.5 Final remarks and speculation
In the sections that follow, we borrow notation from [22], where S[G+] denotes the suspension
spectrum of G, viewed as a kind of group ring, for an H-space G.
Kontsevich’s 1999 paper suggests that an action of GTQ defines a deformation of the complexified
Aˆ-genus, which can be interpreted as associated to the formal group law with Γ(x)−1 as its expo-
nential (where Γ(x) denotes the Gamma-function, [22][§2.3.1]): We seek to generalize Kontsevich’s
result to our context. LetMU −→ MSO denote the forgetful map, and let MU −→ S[BU+] ∧MU
denote the diagonal map. Then given a commutative ring spectrum E with an SO-orientation
ρ : MSO −→ E, we have a map of ring spectra Γρ:
Γρ : MU −→ S[BU+] ∧MU −→ S[B(U/SO)+] ∧MSO −→ S[B(U/SO)+] ∧ E,
Note that the map Γρ above can be expressed as a morphism:
Γρ : MU −→ THH(sΩ) ∧sΩ E .
Using this description, one may generalize Kontsevich’s construction in our framework: namely,
one may define a torsor of deformations of the ρ-orientation under the action of the group G(E)
as follows: Given an element in G(E) represented by a ring map: β : B(U/SO)+ −→ E, the
corresponding deformation of ρ is given by capping β with Γρ:
ρβ = β ∩ Γρ : MU −→ S[B(U/SO)+] ∧ E −→ E .
There is a metaplectic analog of this whole picture. Recall ([17], §8), that the unitary group U
admits a natural double cover U˜ that supports the square-root of the determinant homomorphism.
The forgetful map U −→ SO lifts to a unique map U˜ −→ Spin. Therefore, given a spectrum Ewith
a Spin-orientation ρ : MSpin −→ E, we have the corresponding:
Γ˜ρ : MU˜ −→ THH(sΩ˜) ∧sΩ˜ E,
leading to aG(E)-torsor of deformations of ρ as before.
Remark 3.14. Notice that the maps:
MU˜ −→ S[B(U˜/Spin)+] ∧MSpin, MU −→ S[B(U/SO)+] ∧MSO
are equivalences away from the prime two. In addition, the spaces B(U˜/Spin), B(U/SO) and (Sp/U) are
also equivalent away from two.
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An example of such a deformation is the one suggested by Kontsevich above: Let E denote com-
plex K-theory with complex coefficients: KU⊗C supporting the Aˆ-orientation (or rather, its scalar
extension byC): Aˆ : MSpin −→ KU⊗C. In [22][§2.3.1]), we construct a deformation Aˆζ by special-
izing the generators of the polynomial algebra H∗(Sp/U,Q) to odd zeta-values in KU⊗C, graded
using suitable powers of the Bott class. The genus associated to Aˆζ is therefore the composite:
Aˆζ : MU∗ −→ H∗(Sp/U+,KU⊗Q) −→ KU∗⊗C
which restricts to the Aˆ-genus on MSp (which is MSO, or MSpin away from two), and sends
manifolds of dimension ≡ 2 mod 4 to iR ⊂ C; more precisely, the primitives of H∗(Sp/U+,Q),
interpreted as symmetric functions, are sent (as explained in the appendix below) to odd zeta-
values, graded using the Bott class.
Let us now describe the geometry behind this deformation induced by the group G(E). First
consider the spectrum B(U/SO)+ ∧MSO. Using the language used in Section §2, we may identify
an element in pik(B(U/SO)+ ∧MSO) = pik(THH(sΩ) ∧sΩ MSO) as the stabilization (with respect
to the integer n) of the data given by a concordance class of oriented manifolds embedded in
euclidean space: Mk+n ⊂ R∞ × Rn, that are proper over Rn and are endowed with a principal
bundle of oriented lagrangian grassmannians which is classified by amap θ :Mk+n −→ B(U/SO).
In this language, the map Γρ : pik(MU) −→ pik(THH(sΩ) ∧sΩ MSO) described above identifies a
stably almost complex manifold Mk with the underlying oriented manifold, endowed with the
formal negative of the bundle ξ, where ξ : sG(M) −→ M is the bundle of oriented lagrangians in
the tangent bundle (see §2). Given an E-valued genus ρ, the action ofG(E), in the language used
above, corresponds to deforming ρ along different choices of multiplicative E-theory characteristic
classes of the bundle θ. The analogous statements hold in the metaplectic case.
Remark 3.15. It is a compelling question to ask about the meaning of these (lagrangian-bundle) deforma-
tions in terms of elliptic differential operators (like the Dirac operator) that define genera. This framework
bears a striking resemblance to the construction of the analytic torsion classes [6] and one would like to
know if there is any relation.
4. APPENDIX: GROTHENDIECK-TEICHMU¨LLER GROUPS
We recall some of the complex history [1](§25.9) of this subject, which has deep connections to
homotopy theory but which may be unfamiliar.
For topologists, the operad defined by Artin’s braid groups is a good place to start: it has few
automorphisms, but its completions are less rigid. Ihara has studied its system of profinite com-
pletions, but for our purposes Drinfeld’s work [13] on the automorphism group of its system of
Malcev Q-completions will be more relevant. Kontsevich compared the latter object to the group
of homotopy automorphisms of the rational chains on the little disk operad [14], and suggested
[19][§4.4] that both these objects are isomorphic to the motivic Galois group of a certain [12] Tan-
nakian category of mixed Tate motives.
We follow Kontsevich’s lead here, and refer to all these conjecturally equivalent pro-algebraic Q-
groupschemes as the Grothendieck-Teichmu¨ller group GTQ; we take it to be an extension of the
form:
1→ F −→ GTQ −→ Gm → 1
with F pro-unipotent, defined by a graded Lie algebra f free on generators z2i+1, i > 0, associated
to the generators of the rank one abelian groups Kalg4n+1(Z) through the manifestation of GTQ as the
motivic group of a Q-linear categoryMTMZ of mixed Tate motives, generated by certain cell-like
objects Z(n) satisfying
Ext∗MTM(Z(0),Z(n)) = Q if ∗ = 0 and n = 0
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= Kalg2n+1(Z)⊗Q if ∗ = 1,
these groups being zero otherwise. The derived group F of GTQ has, as its abelianization, a group-
scheme represented by a commutative and cocommutative Hopf algebra over Q, with primitives
in topological degree 4k+2, corresponding toH∗(Sp/U;Q). Borel’s work on regulators thus relates
the generators z2i+1 to the (conjecturally transcendental) zeta-values ζ(2i+ 1).
The affine groupscheme F has aGm-action, and the associated commutative Hopf algebra of func-
tions QSymm ⊗ Q is dual to the universal enveloping algebra of its Lie algebra f. That is the free
associative Q-algebra:
U(f) = Q〈〈z2i+1 | i > 0〉〉 = NSymm⊗Q
of rational noncommutative symmetric functions [4, 9], with diagonal defined by the juxtaposition
coproduct. The (self-dual) Hopf algebra Symm of classical symmetric functions is dual to the
abelianization of NSymm: the abelianization f→ fab defines a homomorphism U(f)→ U(fab) dual
to the inclusion of the symmetric functions in the quasisymmetric ones, defining a quotient
1→ Fab −→ G˜TQ −→ Gm → 1
of GTQ with fab as its (graded abelian) Lie algebra.
One consequence of deep work of Hatcher, Waldhausen, Bo¨kstedt, Rognes and others is a rational
equivalence [21](§3)
(S∨ΣkO)Q −→ K(S)Q
of spectra, which yields a canonical identification
SQ ∧
L
K(S) SQ
∼= QSymmQ
of the rational covariant Koszul dual of Waldhausen’s K-theory of the sphere spectrum with a
model for the Hopf algebra of functions on GTQ. The analogous Koszul dual of the stabilization
morphism
S[SU/SO] −→ S∧ΣkO
of ringspectra defines a morphism
SQ ∧
L
S[SU/SO] SQ
∼= SymmQ → QSymmQ
representing the quotient GTQ → G˜TQ.
The map that sends the Newton’s power sums
Nn :=
∑
k≥1
xnk ∈ Symm ⊂ QSymm
to the real number given by the Riemann-zeta value ζ(n), under the specialization that sends
xk 7→ 1/k can, with some care, be extended from Symm to a ring homomomorphism:
ζ : QSymm −→ MZV ⊂ R
with values in a certain graded algebra of real multizeta values4.
Remarkably enough, these multizeta values play an important role in Connes,Kreimer, and Mar-
colli’s Galois-theoretic reinterpretation [10, 11] of the classical BPS renormalization theory of Feyn-
man integrals, in which MZVs appear ubiquitously in explicit computations. Kontsevich found
an action [19][§4.6 Th 9] of the abelianization of GTQ on a moduli space for deformation quanti-
zations of Poissonmanifolds, through an action of the little disk operad on Hochschild homology.
These developments led Cartier [8] to suggest that GTQ is in some sense a cosmic Galois group.
4The case n = 1, ie i = 0, which needs special treatment [7], is interestingly absent from the constructions considered
above.
Remark 4.1. As noted in Remark 3.9, Kontsevich [18][§4.6.2, 8.4] shows that the graded cohomology
algebra
H∗(M,Λ∗T )
of polyvector fields on a complex manifold is isomorphic to a kind of Hochschild cohomology
HH∗(M) = Ext∗OM×M (OM ,OM )
defined in terms of the coherent sheaf of holomorphic functions onM ×M and its diagonal. IfM is Calabi-
Yau, we can identify its tangent and cotangent bundle, obtaining an isomorphism of both cohomologies with
the Hodge cohomology ofM , defining an action of (some version of) the Grothendieck-Teichmu¨ller group on
the de Rham cohomology of M . The homotopy-theoretic point of view suggests the Calabi-Yau hypothesis
may be unnecessarily strong.
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